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1. Introduction. M. M. Schiffer [8] has recently derived a formula for the

variation of the Green's function of the most general plane domain So with

boundary 6 due to a small shift

(1.1) w* = w + p2<p(w),

of the boundary. The variation 5g(f, r¡) of the Green's function is given by

the formula

(1.2) Sg(t, n) = Re {^.f P'(v>, v)p'(w, ï)<p(w)dw} + o(p'

where p(w, rj) is an analytic function whose real part is the Green function

g(w, tj) of 3D, and where T is a member of a curve system in 20 homotopic to

6. The function <p(w) is analytic on T and in the ring bounded by 6 and T.

If 2D is simply-connected and if z = \p(w) maps 2D on the interior of the unit

circle \z\ <1, then g(w, n) is connected with yp(w) by the relation

(1.3) g(w,r¡) = log
1 - (Hv)rt(w)

$(w) - \p(n)

Here and throughout the paper ( )~ indicates the complex conjugate. With

an appropriate choice of tp(w) one may then obtain variation formulas for

univalent functions w=f(z). J. A. Hummel [5] has recently used this method

of interior variations to study the class of univalently star-like functions.

The method may also be used to study those functions which are convex-in-

one direction [2]. The choice of the shift function cj>(w), however, is not always

an obvious one for many special classes of univalent functions, in particular

for the class of close-to-convex functions [6]. Many of these special classes,

however, have representations of their member functions in terms of func-

tions P(z) with positive real part. It therefore becomes desirable to have a

variational formula for P(z) from which one may then easily obtain analogous

variational formulas for the special classes of univalent functions.

It is the purpose of this paper first to derive a variational formula for the

class (P of normalized regular functions

(1.4) P(z) = 1 + Piz + p2z2 + • • • + PnZ" + ■ ■ ■ , P(0) = 1,
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which have ReP(z)>0 in \z\ <1. Secondly, we shall apply the variational

formula to P(z) in order to solve extremal problems for the class (P and in

particular to obtain a characterization of the (« — 1) Euclidean coefficient

space En-x for the extremal functions P(z) for which Re pn is a maximum.

Although these results may also be deduced from the Carathéodory-Toeplitz

theory [l; 3; 4; 7; 9; 10] it is interesting to see how simply they are derived

by the variational method. Thirdly, we shall indicate how the variational

formula for P(z) leads to the variational formulas for bounded, regular func-

tions w(z) and also for regular functions F(z) =/{«(z)} which are subordinate

to a given univalent function/(z) in \z\ <1.

2. A variational formula for the class (P. The choice

<p(w) =
W — Wo

in (1.2), where Wo is interior to 20, is the Schiffer case for univalent functions

[8]. Hummel [5] chose

4>(w) = wR[\f/(w)],

1 — Zoz z — Zo ,     ,
(2.1) R(z) = eie-+ c~*--, \ z0\   < 1,

z — Zo 1 — Zo

where 7?(z) is real and bounded on \z\ = 1, to obtain the following variational

formula for a normalized univalently star-like function f(z) in | z\ < l,/(0) =0,

/'(0) = 1:

(2.2) f*(z) = /(*) [l - p2(l -  | z0|2) (a(z) - -^-75(z))] + o(p2)

where the error term o(p2) is an analytic function in z and uniformly bounded

in each interior region of \z\ <1. ^4(z) and B(z) are defined by

eief(zo)

Zo(z — Zo)   '   1 — z0z      zlf'(zo)
(2.3) A(z)=—-: + :-:-^—-, | zo 1   < 1,

eief(zo) ( /(zo)  \-     z
(2.4) B(z) =-J-^—-e-i'l-^^-)-

zo/'(2o)(z — zo) \zo/'(zo)/   1 — Zoz

Since there is a (1-1) correspondence between the functions P(z) of the

class (P, given by (1.4), and the univalently star-like functions f(z), /(0) =0,

/'(0) = 1, by the relation

€(z) i    i
(2.5) P(z) =-^f-        ReP(z)>0,        \ z\   < 1,

/(z)

we therefore take the logarithmic derivative in (2.2) and replace z(/*'(z))//*(z)

by P*(z). After some simplification we obtain
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P*(z) = P(z)-p2(í-  \zo\2)z

(2.6) r     zea ze-« eaP(z) e~ihP(z)       Y
•  -+-——+ -\+o(p2),
Lz0(z — zo)      1 — z0z     P(zo)(z — z0)      (P(z0))~(l — z0z)J

where [ ]' denotes differentiation with respect to z. Let b~P(z) =P*(z) —P(z),

and write (2.6) in the form

-6P(z) _ /zoP'(z)        \      eiez /z„P(z)       \       ei$z *

p2(l -    |zo|2)      \P(*o) / Zo(zo - z)      \P(zo) "'/zo(zo-z)!

P'(z)    / z2e~w \      /   P(z) \      e-wz
(2.7) +-—(-) + ( +1)-+ o(l),

(P(zo))-\l-zoz/      \(P(z„))-       /(l-z„z)2

which is the required variational formula for functions of class (P.

If P(z) has the power series expansion (1.4), and if we denote àpn = p*—pn,

(2.7) yields

-ôpn ne"    »      pk        neie     ne~i$      Ç;1

E —i: - —: + t^t= S ^(zo)»-*-S
(2.8)        p2(l-|z„|2)      P(zo) kTo zg-*+1     ZÎ+1     (P(z0))-¡To

+ »«-«(zo)"-1 + o(l)

where po= 1. Since for any complex number w, Re w = Re w, we have

-Re,^, -. Re (4— £ f A + M;-')

3. Extremal functions for the class (P. For any positive integer « let P(z)

be an extremal function of the class (P for which the coefficient pn in (1.4) is

real, positive and a maximum over all functions of the class. Since (P is

compact pn attains its maximum. Its value is 2 as is well known from the

Carathéodory theory, although we do not assume this fact here. Since

Re dpn^O in (2.9) and 6 is arbitrary we have from (2.9) on replacing zo by z

t3-1)    -^TT \p» + "¿ (—> + P~*zn-k)\ + z" - z'n = °. P'> °> P° = 1.
P(z) ( *=o\zn-* /J

,       n ,s        l+plZ + PiZ2 +   •  •  • + pnZn +   •  •  • + pin-lZ2"-1 + Z1» Qu(*)
(3.2)   P(z) =-

1 - z2" 1 - z2»

where p2n-k = pk, A = l, 2, • • • , 2« —1.

Although ordinarily the variational formulas for extremal functions of

various classes of functions lead to differential equations we find here for the
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class (P that we are led directly to the extremal functions (3.2) without en-

counting a differential equation. However, the formula (3.2) may be simpli-

fied further. We shall presently show that whenever P(z) has the form (3.2)

and has a positive real part in \z\ < 1 then />„^2, and if />„ = 2 then (1 +zn) is

a factor of both numerator and denominator of (3.2). In this case (3.2) be-

comes

,. -, _. , 1 + Pi* + P** +   •  •  •  + Pn-lZ»-1 + Z-
(3.3) P(z) =-i

1 - z"

where pn-k = pk, A = l, 2, • • • , «-1.

To obtain (3.3) we place z = rekTiln, 0<r<l, A = odd integer, in (3.2).

Then

Ô2n(re*Ti/n)
P(re*"/«) = —- •

1 - r2»

Since ReP(z)>0 it follows that Re Qin(rekriln)>0. Letting r->1 we have

Re Qin(ekTiln) ̂ 0. However, Q2n(ekTiln) is real. This follows since p,z'-\-p2n-,z2n~"

= pyZ" + p,z~" = a real number when z = ekTiln, and because pnzn and z2n are

also real for this choice of z. Thus

(3.4) Qin(ekri'-) ^ 0.

Let

(3.5) Pn-x(z) = 23 p.z;
»-1

(3.6) Qin(Z)   =   1 + PnZ» + Z2» + Pn-x(z) + Z2»- ̂ «-/t))    ■

For A odd, z = ekli/n, we have z2n = 1, z"= — 1, so that

(3.7) 0  =g Ö2n(e*"/B)   =   (2 - Pn) + Pn-x(ek"l») + (Pn-X(^iln))-,

(3.8) 0 Ú (2 - Pn) + 2 Re P„_i(«*"'») = (2 -/>„) + 2 Re I 23 *.«*•"'»).

By virtue of the identity

n

(3.9) £ e(2,-n.*¿/» = 0) s = 1, 2, ••.,»- 1,
r-l

it follows that

(3.10) Re 23 Pn-x(e«'-»*iln) = 0.
r->l

From (3.8) and (3.10) we then have
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(3.11) 0|¿[2-í,+ 2 ReP,.^*-»'"")] = «(2 - pn).
v=l

Thus pn^2. But since (1 + 2 Ei™ z") is a member of class (P and pn is maximal

we must have pn — 2. In this case (3.8) reduces to

(3.12) Re Pn-Ae^i») ^ 0, A odd.

However, only equality can hold in (3.12) since otherwise (3.10) would be

contradicted. (3.7) now becomes

(3.13) Q2n(ekriln) = 2 Re P^e*"'») = 0, A odd.

It follows at once that (1+z") is a factor of Q2n(z).

If we set

2n-l n

(3.14) 1 + z2» + E P*' = <?*.(*) = (1 + z") E ?.2*
•-1 0

where p2n-, = ps, s= 1, • • • , 2« —1, and pn = 2, we find that

q* = ps, s = 1, 2, ■••,«— 1;

jo = ç» = l;

i>s   =  ^2n-s  =  ?n-j =  pn-t, S  =   1,  2,   •••,» —   1.

Thus we have shown that (3.3) follows from (3.2).

It is interesting to observe also that the extremal functions of (3.3) satisfy

the identity

(3.15) P(z) + (PÍ-jj   =0.

Consequently, the real part of P(z) vanishes identically on \z\ =1.

If we let o)k = e2kTiln, A = l, 2, • • • , «, we may write P(z) of (3.3) in the

form

"       /l + œkz\ "
(3.16) p(z) = Em- '  o^x*g i, Ex* = 1.

i-l        \1   —  UkZ/ l

ReP(z)=0 on \z\ =1. But if we let z = eie—>¿, we find that the real part of

the right-hand side of equation (3.16) is unbounded unless X, is real. More-

over X, ïï 0. For if we assume X^Oand letz = rä>„ 0<r<l, asr approaches 1

we find that Re P(z) must coincide in sign with that of X». Furthermore

¿ X* = P(0) - 1.
i

It follows from (3.3) and (3.16) that the coefficients pn in (3.3) must be

expressible in terms of the barycentric coordinates \k as follows:
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(3.17)
p, = 2 23 X*e2'**</»,        0 g X* g 1, £ X* = 1,    r - 1, 2, • • • , *;

t-i i

[/>„_, = pv, v^n — v, l^v<n.

Conversely, if 0^X*^ 1, 23"X* = 1, then P(z) given by (3.16) has Re P(z) >0,

\z\ <1.
Let pk = xk+iyk. Since pn-k = pk, it is seen that the coefficient space En-x

of the extremal functions P(z), for which pn — 2, depends upon (» — 1) real

variables xk, yk.

En-X = E„-x(pX,pi,  •  •  • ,P(n-X)/i)
(3.18)

= En-x(xx, yx, Xi, y2, • ■ • ,xin-x)/2,y(n-x)/i)

for « odd >1, and

En-l = En-x(pU Pi,  •   •  • l ín/s)

= E»_i(a:i, yi, • • • , *(»-2)/2,y(n-2)/2, xn/2)

for » even. We define £0 to be the point px = 2 corresponding to the extremal

P(z) = (l+z)/(l-z).

From (3.17) it is readily seen that Ex(px) is the closed 1-simplex, or line

segment — 2^/»i^2, corresponding to

1 + pxz + z2
(3.20) P(a) =-, px real, -2 Ú px Û 2.

1 — z2

E2(px) is a closed 2-simplex consisting of an equilateral triangle with vertices

(2, 0), ( — 1, 31/2) and (—1, —31/2) and E2 corresponds to the extremal func-

tions of the form

1 + Pxz + pxz2 + z3
(3.21) P(z) = y\        , , /»i C £t.

1 — z3

E»(px, pt) is a tetrahedron with vertices (0, 2, -2), (0, -2, -2), (-2, 0, 2)

and (2, 0, 2). Ez corresponds to the extremal function

1 + pxz + p2z2 + pxz3 + z4

(3.22) P(z) =-1-f--Ï-,
1 — z4

where p2 is real.

In general En-x is the closed (« —l)-simplex with the » vertices:

2vw 4vir 4cir
, 2 sin-! 2 cos-, 2 sin-,

» « »
(3.23)

/          2vv
I 2 cos-;
\ «

VT VT \

2 cos (» — 2) — » 2 sin (» — 2) —, 2 cos vr ),
n n /
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v— 1, 2, • • • , «, when w is even, or

(2vtr 2vt ivir 4vt
2 cos-, 2 sin-, 2 cos-, 2 sin-, • • • ,

n                n                 n                n
(3.24)

vw vir\
2 cos (n — 1) —, 2 sin'(» — 1) — )

n n /

if n is odd.
The boundary hyperplanes of En-i (corresponding to a X* = 0) for « odd,

«>1, have the equations, for A = 0, 1, • ■ • , « —1,

<nzi>'2 / 2kmw 2Awtt\
(3.25) 1+   E   l^m cos-ym sin-1 = 0;

m=l    \ w «    /

for w even, w>2, the equations of the hyper planes are

(_!)* (n-2)/2/ 2AW7T 2Awtt\
(3.26) 1 -1-xn/2 +    2-1   I x™ cos-Vm sin-1 = 0

2 m=i   \ n n   /

where £m = xm+i'ym.

It is seen that the hyperplanes (3.25) and (3.26) are tangent to the spheres

(n^/2    224 2 <»z«/a    2        2 4

(3.27) 2-,      (%m + ym)=---■> Xn/2+       2-1      («m + Jm)   = - >
m-1 2« — 2 m=1 2« — 3

respectively.

We summarize these results in the following theorem and corollaries.

Theorem 1. Let the function

P(z) = 1 + piz + • • • + pnz" + ■ ■ ■

be regular and have a positive real part in \z\ < 1. TAe« \p„\ ^2, and pn = 2 for

a given n when, and only when, P(z) is of the form

nfs      1 + piz + p2z2 + ■ • • + A.-1Z"-1 + z"
P(Z)   = - ) /»„_4 = Í4, 0 < A < M,

1 — zn

a«á ¿Ae coefficient space En-i of P(z) is the closed (n — \)-simplex determined by

the equations (3.17). TAe vertices of the (n — \)-simplex are given by (3.23) and

(3.24) and the boundary hyperplanes by the equations (3.25) and (3.26).

Corollary 1. If n is an odd positive integer > 1 and

2
+   •   •   •   +    | P,n- D/2|

<

n — 1

or if « is an even integer ^ 2 and
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\Px\2+---+    IPn/iVè---,
2« — 3

then the function

P(z) = (1 + pxz + piZ2 + • • • + /.„^z"-1 + zB) + (1 - z"),

pn-k = pk, 2A^», has ReP(z)>0 in \z\ <1.

Corollary 2. With the notation of Theorem 1 the boundary of the (« —1)-

simplex En-x given by (3.17) is determined from the equation A„ = 0, «> 1, where

An is the determinant

A„ =

2 px pi

px 2 px

pi px 2

Pn-X pn-i Pn-Z

Pn-X

Pn-i

Pn-Z = 2n(»!)2sin2— IIX&.
«     *-l

Proof of Corollary 2. Using the representation (3.17) for the coefficients

p, we write A„ as the product of two determinants, A„ = 2M„P„, where

Xi, \xe-2*i,n, Xie"4"/»,    • • • ^g-Hir-Dwitn

X2, \2e-iTi'n, \2e-iTi'n,   • • • X2¿-4(B-1)xi/n

An =     \z, Xse-6"'", Xze-12"!", ■ ■ ■ \¡e-e(»-»*<ln

X„, X„e-2nTi/B, X„e-4nTi/B,  •  •  • \ne-^(n-X)riln

and P„ is the determinant An with the X's replaced by l's and i replaced by

— i. Thus IlîXfc is a factor of An and we obtain

An = 2-YnX*)|£„|2^0.

In the determinant Bn except for the first column, the elements in the columns

add up to zero, so that the order of Bn is easily reduced a step at a time. Thus

(3.28)

in = 2»(f[\k\n2(n - l)2 ■ ■ -3s

= 2»(«!)2sin2 — ( f[\k\

1        1

J      gi-riln

tl >   1, 0  < Xk  <   1.

>o,

Since a boundary point of En-x corresponds to a X* having the values 0 or 1,
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A„ = 0 defines the boundary of £„_i for «>1. When » = 1, Ai = 2 and En is

the point pi = 2.

Although we have confined our attention to extremal functions for which

Re pn is a maximum, the formula (2.8) for bpn may be used to determine the

extremal functions P(z) which maximize Re F(pi, p2, • ■ ■ , pn) where

E(Pu " ' ' > Pn) is any continuous function having continuous partial deriva-

tives in an open set containing the coefficient space Vn(pi, • • • , pn) of the

class (P and for which the partial derivatives \k=dF/dpk, A = l, • • • , «, are

not all zero at the point (pi, • • • , pn) determined by the extremal function.

We find that the extremal function maximizes Re( Eî Xt/>*) and is the func-

tion

à *(x»¿-£-+**£ #.**-•)
k-i    \    «=o z* *          ,-o           /

(3.29) P(z) =-, po = 1.

**<?-*)

It is seen from (3.29) that the extremal functions P(z) maximizing Re F have

the property that the real part of P(z) vanishes identically on | a| =1.

In particular, one may obtain the extremal functions which minimize the

Toeplitz form

F    =      ¿-I   Pll-tXyXp.

F then turns out to be non-negative in accordance with the Carathéodory-

Toeplitz theory. We omit the details.

Turning to another problem we shall now see how the variational tech-

nique easily leads to the well-known inequality

1 ~f
(3.30) ReP(z)è-> z    = r < 1,

1 +r

for functions of class (P.

Let Po(z) be an extremal function for which, when z is fixed in the unit

circle, Re Po(z) is a minimum for the class (P. By a rotation in the z-plane

we may assume z to be a positive number r. Since Re 5P0(r) ^0 in (2.7) we

have Re eieA ̂ 0 for all 6 where

^.jM.(jWW_A_r_ + /SftW_\        r
\ Po(zo) / Zo(zo - r)      \ Po(zo) / z0(zo - r)2

(Po'jr))-       r2 /(Po(r))ff+iU
V Po(zo) / (1 - iPo(zo)      1 - z0r      \ Po(zo) / (1 - z0r)2

Since 6 is arbitrary it follows that A =0. Replacing z0 by z and solving the

equation A =0 for Po(z) we obtain
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(1 - r2)(l - z2)Po(z) = Azz3A- A2z2A- AxzA- Ao,

Ao = - rPo'(r) + r3(P¿ (r))~ + P0(r) + r2(Po(r))~ = (1 - r2)P„(0)

= 1 - r2,
(3 32)

Ax - (1 + 2r2)P0'(r) - (2r2 + r*)(P0'(r))~ - 2r{P0(r) + (Po(r))-},

A2 = (2r3 + r)(P¿(/))" - (2r + r3)P¿(r) + r2P0(r) + (P0(r))-,

As = /2{P'(r)-(Po' (/))"}.

Since ReP(r)^ReP0(r) for all P(z)G(P, and since P(z) =Po(zea)£(?, we

have Re Po(re^) ^ Re Po(/) for all 0. Thus Re Po(r) is a minimum value of

Re Po(reie) as a function of 8. It follows from the Cauchy-Riemann equations

that

d
IPo' (r) = — 7P0(re<9)

dr

1    d
=-Re P0(reie)

9=0 r   dd

= 0.
9-0

Thus Po' (r) is real. Then ^43 = 0. Since ^40 is real it follows that

{P0(r)+r2(P0(r))-} and {P0(r) + (Po(r))-} are both real. This implies that

Po(r) is real. Since ^2-^0=(l-r2) {(Po(r))--P0(r)}, we have A2 = A0

= 1 — r2. Also ^4i is seen to be real. We have now seen that Po(z) is of the form

1 _i_ ¿z _j_ zi
(3.33) Po(z) =-, Areal.

1 — z2

Since Po(r)~=\0, we have A^ — 2. Since Po(/) is minimal for the class (P we

must take A= — 2. In this case

(3.34) Po(z) =
1 + 2

so that (3.30) follows with equality holding only for the function P^iez),

1*1-1.
It should be noticed that the equation A0= 1 — r2 may not be treated as a

differential equation for finding Po(r) unless it is first shown that the extremal

function Po does not vary with r.

4. Interior variations for subordinate functions. Let the analytic function

(4.1) f(z) = AxZ+ A2z2 + • • • + Anz" + • • • ,     /(0) = 0, Ax * 0,

be regular and univalent in \z\ <1. Let

(4.2) F(z) = axz + a2z2 + • • • + anz» + ■ ■ • , F(0) = 0,

be regular and subordinate to/(z) in \z\ <1. Then

(4.3) F(z) = /(«(*))

where «(z) is regular in \z\ < 1, w(0) = 0, |co(z)| < 1 for |z\ < 1. We may write

w(z) in the form
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P(z) - 1
(4.4) o)(z) =

P(z) + 1

where P(z) is a member of class (P. We also denote by z = <p(w) the inverse

function of w=f(z). If P*(z) is given by (2.6) upon varying P(z), and if w*(z)

corresponds by (4.4) to P*(z), we easily obtain

P*(z) - 1      P(z) - 1
(4.5) «*(«) = ——-= —-+ P2X(z) + o(p2)
K P*(z) + 1      P(z) + 1

= co(z) + p2\(z) + o(p2),

where

(4.6) X(z) = - -i (1 - | zo |2)(1 - 4>(F))2A(z)
là

and where ^4(z) is defined as the right-hand side of equation (2.7) omitting

the term o(\). We also have

1 + 4>(F)
(4.7) P(z) =--^ ,        (P(z) + l)2 = 4(1 - <KF))-2,

1 — 9{r)

2cp'(F)F'(z)
(4.8) P'(z) =       K ■

(1-4>(F))2

We now write A (z) in the form

2<j>'(F)F'(z) j        e*z z2e-<» \

A(Z) = (1 - <b(F))2 \P(zo)(z0 -z) + (P(«o))-(l - So»)/

(4.9)

where

(4.10)

1 + d>(F) ( e»z eruz "1

+ l-^(F)lP(zo)(zo-z)2 + (P(«o))-(l - zoz)2/

J     e-i9z e^z2 e*z     Ï

1(1 — z0z)2     Zo(zo — z)2     Zo(zo — z);

1 + <KF(zo)) ,     ,        (

1 - 4>(F(z0))

F*(z) =/(w(z) + p2X(z) + o(p2))

= F(z)+/'(w(z))X(z)p2 + 0(p2)

X(z)
= F(2)+^(F)',2 + 0(',2)-
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Thus the variational formula for analytic functions F(z) subordinate to a

given univalent function/(z) in \z\ <1 is given by

.     .   (1 - <b(F))2
(4.11) F*(z) = F(z) - p2(l - | z„ |2) ;"  A(z) + o(p2)

¿4> (t)

where A(z) is defined by (4.9) and <f> is the inverse of/.
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