VARIATIONAL METHODS FOR FUNCTIONS WITH
POSITIVE REAL PART

BY
M. S. ROBERTSON

1. Introduction. M. M. Schiffer [8] has recently derived a formula for the
variation of the Green's function of the most general plane domain D with
boundary € due to a small shift

1.1) w* = w + p’¢(w),

of the boundary. The variation 8g(¢, 7) of the Green’s function is given by
the formula

(13 sglem) = Re {;”; § e p, r)¢<w>dw} + o(s?)

where p(w, 1) is an analytic function whose real part is the Green function
g(w, 1) of D, and where I' is a member of a curve system in D homotopic to
@. The function ¢(w) is analytic on I' and in the ring bounded by € and T..
If D is simply-connected and if z=y(w) maps D on the interior of the unit
circle [zl <1, then g(w, n) is connected with ¥ (w) by the relation

1— W) ¥(w)
¥(w) — ¥ |

Here and throughout the paper ( )~ indicates the complex conjugate. With
an appropriate choice of ¢(w) one may then obtain variation formulas for
univalent functions w=f(z). J. A. Hummel [5] has recently used this method
of interior variations to study the class of univalently star-like functions.
The method may also be used to study those functions which are convex-in-
one direction [2]. The choice of the shift function ¢(w), however, is not always
an obvious one for many special classes of univalent functions, in particular
for the class of close-to-convex functions [6]. Many of these special classes,
however, have representations of their member functions in terms of func-
tions P(z) with positive real part. It therefore becomes desirable to have a
variational formula for P(z) from which one may then easily obtain analogous
variational formulas for the special classes of univalent functions.

It is the purpose of this paper first to derive a variational formula for the
class ® of normalized regular functions

(1.4) Piz) =14 piz+ paz®+ - -+ paz+ - - -, P(0) =1,

(1.3) g(w, ) = log

Received by the editors April 7, 1961.
82



VARIATIONAL METHODS FOR FUNCTIONS 83

which have Re P(2) >0 in |z] <1. Secondly, we shall apply the variational
formula to P(z) in order to solve extremal problems for the class ® and in
particular to obtain a characterization of the (#—1) Euclidean coefficient
space E,_; for the extremal functions P(z) for which Re p, is a maximum,
Although these results may also be deduced from the Carathéodory-Toeplitz
theory [1; 3;4; 7;9; 10] it is interesting to see how simply they are derived
by the variational method. Thirdly, we shall indicate how the variational
formula for P(z) leads to the variational formulas for bounded, regular func-
tions w(z) and also for regular functions F(z) =f{w(z) } which are subordinate
to a given univalent function f(z) in |z| <1.
2. A variational formula for the class ®. The choice

0

$(w) =

w — Wy

in (1.2), where w, is interior to D, is the Schiffer case for univalent functions
[8]. Hummel [5] chose

1 — 202 2 — 2
o+e“"’- 0

2.1) R(z) = ef-
Z— 2 1 —2

) lZol <1,

where R(z) is real and bounded on |z| =1, to obtain the following variational
formula for a normalized univalently star-like function f(2) in | zl <1, f(0)=0,

f)=1:
2 NN
@) 10 =01 = st - [afs (40 .

where the error term o(p?) is an analytic function in z and uniformly bounded
in each interior region of |z| <1. A(2) and B(z) are defined by

ze¥? ze~ % €% (20)

B@Q]+o@%

(2.3) A(z) = P S T | %] <1,
) o fa) \T s
(2.4) B = e(Q@QL%M

Since there is a (1-1) correspondence between the functions P(2) of the
class @, given by (1.4), and the univalently star-like functions f(z), f(0) =0,
f'(0) =1, by the relation

of'(2)
2.5 P(z) =
2.5) (2) @

we therefore take the logarithmic derivative in (2.2) and replace z(f*'(2)) /f*(z)
by P*(z). After some simplification we obtain

) Re P(z) > 0, |s] <1,
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P*(z) = P(z) — p*(1 — | 20|?)z
(2.6) [ ze " 29 _ e P(3) e 92P(2)
20(z—20) 1—3%2 Pl)iE—2) Pk)) (1 — 33

where [ ]’ denotes differentiation with respect to z. Let 8P(z) = P*(z) — P(3),
and write (2.6) in the form

—0P(2) (zoP'(z) ) ez " (zoP(z) ) ez 4

)]’ + o(p?),

1= %) \PG) JaG-2 \P@) /-2
P'(3) 22¢—% P(2) iz
@1 T PG (1 - z) + (T Pa- 1) a2 T

which is the required variational formula for functions of class ®.
If P(z) has the power series expansion (1.4), and if we denote dp, = p — pa,
(2.7) yields
—0pn ne? n p ne® ne— n—1
? = - 2 nE)m Y,

(2.8) (1 — |%®) Pl) ice 5t gt (Pla)- ams
+ ne9(Z0)" ! + o(1)

where po=1. Since for any complex number w, Re w=Re %, we have

10
—Redpn 1 = n—
© 9% nRe{e [ > P + Przo k)

(1 — | 7'0[2) - ?0 P(20) im0 \20°*

2.9
(29 ’n

+ P (Zo)

+ 2 — z?"]} + o(1).

3. Extremal functions for the class ®. For any positive integer n let P(z)
be an extremal function of the class ® for which the coefficient p, in (1.4) is
real, positive and a maximum over all functions of the class. Since @ is
compact p, attains its maximum, Its value is 2 as is well known from the
Carathéodory theory, although we do not assume this fact here. Since
Re 6p, =0 in (2.9) and 6 is arbitrary we have from (2.9) on replacing 2, by 2

1 n—1 pk
.1 _— n E— n—k n — n = 0’ n y =1,
@3.1) p(z){” +'§(Zn_k+pkz )} +3 pn >0, po =1

1+ patps’+ - -+ pua”+ - - ponid®™ 2 Qu(z)

1— 2 T 1—g

(3.2) P(z) =

where ponr =P, k=1,2, - - -, 2n—1,
Although ordinarily the variational formulas for extremal functions of
various classes of functions lead to differential equations we find here for the
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class ® that we are led directly to the extremal functions (3.2) without en-
counting a differential equation. However, the formula (3.2) may be simpli-
fied further. We shall presently show that whenever P(z) has the form (3.2)
and has a positive real part in Izl <1 then p, =<2, and if p,=2 then (142") is
a factor of both numerator and denominator of (3.2). In this case (3.2) be-
comes

14 piz+ poz® + - - - + pars™ P+ 2"

3.3) P(z) = P

where ppr=pi, k=1,2, -+, n—1,

To obtain (3.3) we place z=re**i/», 0<r<1, k=odd integer, in (3.2).
Then
Qan(retviln)

1 -7

P(reteiln) =

Since Re P(2)>0 it follows that Re Qz,(re**i/") >0. Letting r—1 we have
Re Qz.(e**i/») 2 0. However, Q2,(e*¥/") is real. This follows since $,2” + p2n_,22""
=p,2’+ 52" =a real number when z=¢*" and because p.z* and z** are
also real for this choice of 2. Thus

(3.4) Oun(e*im) 2 0.
Let
BS)  Pasl®) = 3 pust,

s=1

(B.6) Q@) = 14 paz» + 2* + Poy(3) + 2™ (P,._le»_.

For k odd, g=¢*i/» we have z?*=1, z*= —1, so that

(3.7) 0 = Qaa(er™i/%) = (2 — pa) + Puoa(¥¥/%) 4 (Pas(e*™i%)),

n—1
(3.8) 0= (2— pu) + 2 Re Pp_y(e*ilm) = (2 — p,) + 2 Re ( > p.e"""").

=1

By virtue of the identity

(3.9 3 e@Dariln = s=1,20,n—1,

el

it follows that

(3.10) Re D P,_y(e®Driln) = 0,

il

From (3.8) and (3.10) we then have
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(3.11) 0= i [2 = pn + 2 Re Ppy(e@D7iln)] = n(2 — po).

y=1

Thus p.<2. But since (142 Y_¢ 2") is a member of class ® and p, is maximal
we must have p,=2. In this case (3.8) reduces to

(3.12) Re P,_,(ek*i/*) 2 0, k odd.

However, only equality can hold in (3.12) since otherwise (3.10) would be
contradicted. (3.7) now becomes

(3.13) Q2.(e**i/m) = 2 Re P,_1(e**i") = 0, k odd.
It follows at once that (1+2) is a factor of Qs.(2).
If we set
2n—1 n
(3.14) T4+ > pgt = Qulz) = (1 + 37 D g2
gm=1 0
where pans=7ps, s=1, -+, 2n—1, and p,=2, we find that
qs = P, s=1,2,---,n—1;
go=¢n=1;
Ps = P2n—s = Gn—s = Pn—s, s=1,2,---,n—1

Thus we have shown that (3.3) follows from (3.2).
It is interesting to observe also that the extremal functions of (3.3) satisfy
the identity

(3.15) P@+(P69y=0.

Consequently, the real part of P(z) vanishes identically on lzl =1,

If we let w,=e¥*iln k=1, 2, ---, n, we may write P(2) of (3.3) in the
form
id 1 4+ w? i
(3.16) P(z)=2>\,,( "), 0SMS1 Da=1
k=1 1 - [67%4 1

Re P(z)=0 on |z| =1. But if we let z=¢¥—a, we find that the real part of
the right-hand side of equation (3.16) is unbounded unless A, is real. More-
over \,=0. For if we assume \,50 and let z=ra,, 0 <r <1, as r approaches 1
we find that Re P(2) must coincide in sign with that of \,. Furthermore

> = P(O) = 1.

It follows from (3.3) and (3.16) that the coefficients p, in (3.3) must be
expressible in terms of the barycentric coordinates A« as follows:
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Py =2 D Merbriln, 0SMS1L =1, »=1,2---,n;
3.17) = 1

pn—v=ﬁr, Vén—l',1§1'<n.

Conversely, if 0 S\ <1, Dt \v=1, then P(z) given by (3.16) has Re P(z) >0,
|2| <1.

Let pi=xx+1yx. Since pn—i= Pr, it is seen that the coefficient space E,_1
of the extremal functions P(z), for which p,=2, depends upon (n—1) real
variables x, ¥.

E, )= Eui(pry P2+ * 5 Pin—1ys2)

(3.18)
= En1(%1, y1, %2, 92, * * * ) (a1)/2) Y(n—1)/2)

for n odd >1, and
En—l = En—l(?l, ?2’ Sty p”/z)

(3.19)
= En1(21, Py 0y B (n—2)/2) Y (n—2)/2) Xn/2)

for n even. We define E, to be the point p1=2 corresponding to the extremal

Piz)=(1+2)/(1-3).
From (3.17) it is readily seen that E,(p;) is the closed 1-simplex, or line
segment —2 <p1 =2, corresponding to

1 2
(3.20) P(z) = —tlﬁi, prreal, =2 S p1 S 2.
— 2

E,(py) is a closed 2-simplex consisting of an equilateral triangle with vertices

(2,0), (—1, 3¥?) and (—1, —3!/?) and E, corresponds to the extremal func-

tions of the form

1+ piz+ prg® + 2
)

1 — 38

(3.21) P@z) = $1 C Ea.

Es(ps, pe) is a tetrahedron with vertices (0, 2, —2), (0, —2, —2), (=2, 0, 2)
and (2, 0, 2). E; corresponds to the extremal function
1+ piz + poz® + prz® + 24

)

1 — 2

(3.22) P(z) =

where p, is real.
In general E,_, is the closed (n—1)-simplex with the n vertices:
v . 4vr s
2cos—; 2sin—; 2cos— 2sin—, - - -,

n n n n
(3.23)

rw
2cos(n — 2)—, 25in(n—2)z: 2coswr),
n n
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v=1,2,---,n, when n is even, or
2vm . dvr . b
2cos— 2sin—,; 2cos— 2sin—, + .-,
n n n
(3.24)
ym vr
2cos (n — 1) —, 2sin(n — 1) ——)
n n
if » is odd.
The boundary hyperplanes of E,_; (corresponding to a A\t =0) for # odd,
n>1, have the equations, for k=0,1, - - -, n—1,
)12 2kmm . 2kma
(3.25) 14+ X (%mcos — Ym sin = 0;
m=1 n n
for n even, n>2, the equations of the hyperplanes are
(- 1)" (n22)/2 2kmw . 2kmw
(3.26) 14 X2 + X COS — Ym sin =
me=1 n

where pm==%mn+1Ym.
Itis seen that the hyperplanes (3.25) and (3.26) are tangent to the spheres

(-1)/2 (n2)/2 4
@B21) Y (@t = —’ T+ D, (omtym) = Pt
Mm=al m=1 -

respectively.
We summarize these results in the following theorem and corollaries.

THEOREM 1. Let the function
P(z) =1+ piz+ -+ paz"+
be regular and have a positive real part in Izl <1. Then Ipnl =2, and p,=2 for

a given n when, and only when, P(z) is of the form

1 2 n— n—1 n
PG = +P12+P22-|1-—z"+p 12 +z’ s = B0 <E<m,

and the coefficient space E,_, of P(z) s the closed (n—1)-simplex determined by
the equations (3.17). The vertices of the (n—1)-simplex are given by (3.23) and
(3.24) and the boundary hyperplanes by the equations (3.25) and (3.26).

CoROLLARY 1. If n is an odd positive integer >1 and

|p1]2+ - + | e

or if n is an even integer =2 and
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24 ... 2 <
ol Ll s

then the function
P =1+ patpm+ -+ posert ) + (1= 2,
Dnt=Pr, 2k=n, has Re P(2) >0 in Izl <1.
COROLLARY 2. With the notation of Theorem 1 the boundary of the (n—1)-

simplex E,_, given by (3.17) is determined from the equation A,=0, n> 1, where
A, is the determinant

2 j 2 2
151 2 Pl o« e pn__z ) .
Aw=|F2 P12 - pas | =22(n)?sin? — J]

* k=1

;a—l ;n—2 .ﬁu—s A é

Proof of Corollary 2. Using the representation (3.17) for the coefficients
b, we write A, as the product of two determinants, A, =2"4,B,, where

)\1’ )\18‘2“./", Ale—hiln’ . e e )\18_2("—1)"/"
)‘2, Age'_"'-/”, )\26—8"'/1:’ PN >‘281—4(n—1)fi/u

= —6ri/n —12xi/n ., . . —6(n—1)xi/n
n )\3, As€ y A€ y As€

in’ X”e—h‘n’ln’ >‘”e—4nﬂ’ln’ e )‘"6—271(”—-1)1:'/»

and B, is the determinant 4, with the \’s replaced by 1’s and 7 replaced by
—4. Thus J]?\: is a factor of 4, and we obtain

A, = 2n<n>\,,)| B.|tz 0.
1

In the determinant B, except for the first column, the elements in the columns
add up to zero, so that the order of B, is easily reduced a step at a time. Thus

n 1 1 2
A, = 2”(H)\k)n2(n -1z .3 -
ei’tﬂ.
(3.28) '
T n
= 2”(n!)2sin2——( HM) n>1,0< N\ <1,
n 1
>0,

Since a boundary point of E,_, corresponds to a \; having the values 0 or 1,
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A,=0 defines the boundary of E,_; for n>1. When n=1, A;=2 and E, is
the point p;=2.

Although we have confined our attention to extremal functions for which
Re pn is a maximum, the formula (2.8) for §p, may be used to determine the
extremal functions P(z) which maximize Re F(py, ps, - - -, pn) where
F(py, - + -, pa) is any continuous function having continuous partial deriva-
tives in an open set containing the coefficient space V,(p1, + - -, pn) of the
class ® and for which the partial derivatives Ny =90F/dp«, k=1, - - - , n, are
not all zero at the point (py, - - -, p») determined by the extremal function.
We find that the extremal function maximizes Re( Y % M%) and is the func-
tion

n k k
Zk(m 2 f_‘ + X ZAZ"“)
k=1 =0 2°° #=0

(3.29) P(z) = , po=1

SCEY

k=1 2k

It is seen from (3.29) that the extremal functions P(z) maximizing Re F have
the property that the real part of P(z) vanishes identically on lzl =1.

In particular, one may obtain the extremal functions which minimize the
Toeplitz form

F = Z?n—vxv)—(#-

F then turns out to be non-negative in accordance with the Carathéodory-
Toeplitz theory. We omit the details.
Turning to another problem we shall now see how the variational tech-
nique easily leads to the well-known inequality
1—r

(3.30) ReP(z)_Z_l_I_r, 2] =r<1,

for functions of class ®.

Let Py(2) be an extremal function for which, when z is fixed in the unit
circle, Re Py(2) is a minimum for the class ®. By a rotation in the z-plane
we may assume z to be a positive number 7. Since Re 8Py(r) =20 in (2.7) we
have Re ¢?4 <0 for all § where

ZoPo’ (f) r (ZoPo(f) ) r
A= A(r) = -1 + -
( Po(Zo) )Zo(Zo - f) Po(Zo) Zo(Zo bt f)z
(P/(n)- 1 (Po(r))~ r
Py(30) .1 — 27 ( Po(20) + 1) (1 — 20)? .

Since 0 is arbitrary it follows that 4 =0. Replacing 2, by z and solving the
equation 4 =0 for Py(z) we obtain

(3.31)
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(1 =71 —3)Py(2) = Asz®+ A2+ 412+ A,

Ao = —rP{(r) + r3(PJ (1))~ + Po(r) + r2(Po(r))~ = (1 — r%) Py(0)
=1-7r?

A= (1427 P4 (r) = (27 + 1) (P4 ()~ — 2r{ Po(r) + (Po())},

Az = (2r* 4+ 1)(P{ (1))~ — 2r + r*)P{(r) + r*Po(r) + (Po(r)),

4; = r’{P’(r) — (P¢ (r))‘}.

Since Re P(r) ZRe Py(r) for all P(z)E®, and since P(z) =P,(ze®)E®, we

have Re Py(re®) = Re Py(r) for all 6. Thus Re Py(r) is a minimum value of

Re Py(re®) as a function of 8. It follows from the Cauchy-Riemann equations
that

(3.32)

d 1 4
IP{(r) = — IPo(re®)| = —— —RePo(re)| =0.

or =0 r a9 fue0
Thus PJ(r) is real. Then A; = 0. Since A, is real it follows that
{Po(r) +72(Po(r))=} and {Po(r)+(Po(r))~} are both real. This implies that
Py(r) is real. Since As—Ao=(1—72){(Po(r))~—Po(r)}, we have As=4,
=1—72 Also 4, is seen to be real. We have now seen that Py(2) is of the form

14k 2
(3.33) Po() = T BT k real.
1 -4

Since Py(r) 20, we have k= —2. Since Py(r) is minimal for the class ® we
must take k= —2. In this case

1—2
143

so that (3.30) follows with equality holding only for the function Po(ez),
le| =1.

It should be noticed that the equation 4,=1—7% may not be treated as a
differential equation for finding Py(r) unless it is first shown that the extremal
function P, does not vary with r.

4, Interior variations for subordinate functions. Let the analytic function

(3.39) Py(z) =

4.1) fie) = A+ 422+ - - - + 4z + - -+, f(0)=0,4,5%0,
be regular and univalent in |z| <1. Let

4.2) Fiz)=az+az*+ - +aiz*+ -+, F(0) =0,
be regular and subordinate to f(z) in Izi <1. Then

(43) F(z) = f(w(2))

where w(z) is regular in Izl <1, w(0) =0, Iw(z)l <1 for Izl <1. We may write
w(2) in the form
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_ P(z) -1
T P@+1
where P(z) is a member of class ®. We also denote by z=¢(w) the inverse

function of w=f(2). If P*(z) is given by (2.6) upon varying P(2), and if w*(z)
corresponds by (4.4) to P*(z), we easily obtain

P*(z) — 1 _ P(z)—1

(4.4) w(2)

(4.5) w*(z) = o+l PG 1 + p°\(3) + 0(p?)
= w(3) + p™\(2) + 0(p?),
where
1
(4.6) Ma) = - — (1= | 20|9)(1 — $(F))?4(2)

and where A(2) is defined as the right-hand side of equation (2.7) omitting
the term o(1). We also have

1 F
(&) PO =T (PO + 1 = 41— 4,
2¢'(F)F'(3)
4.8 Pl(z) = ——_.
“® ® ==
We now write 4(z) in the form
2¢'(F)F'(2) e¥z 226
A(z) =
® 1- ¢(F))2{P(zo)(zo — 32) + (P(z0))-(1 — ﬁoZ)}
14 ¢(F) e¥z ez
49 + 1 — ¢(F) {P(zo)(zo — 3)? + (P(z0)-(1 — Zoz)’}
(49) i { ez _ e¥z? ez ‘}
(1 — 23)2  3z0(20 — 2)? - 20(20 — 3)}
where
_ 1+ ¢(F(20))
P = )’ ] <1.
F*(z) = f(w(2) + p™\(2) + 0(p%)
w10 = FO) + /&N + o)

A(z)

BRARTG

o+ 0(p?).
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Thus the variational formula for analytic functions F(z) subordinate to a
given univalent function f(z) in Izl <1 is given by

1— ¢(F))?
1) PHa) = FG) — o1 — | m?) (Z—J;)l A@) + (")

where A(z) is defined by (4.9) and ¢ is the inverse of f.
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